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LOGARITHMIC CFTS CONNECTED WITH SIMPLE LIE ALGEBRAS
SIMPLY-LACED CASE
B.L. FEIGIN, AND I.YU. TIPUNIN
ABSTRACT. For any root system corresponding to a semisimple simply-laced Lie algebra a
logarithmic CFT is constructed. Characters of irreducible representations were calculated
in terms of theta functions.
1. INTRODUCTION
The most deeply investigated examples of LCFTs are (p, p′) models introduced in [1].
The chiral algebra of these models [2] is based on the sℓ(2) symmetry discovered in [3].
In the paper, we generalize a construction of a chiral algebra to the case of a semisimple
simply laced Lie algebra.
We suggest a method to construct LCFTs from the following data. LetB be a Lie group,
X be a space with an action of B on it and let L be a vertex operator algebra in which B
acts by symmetries of OPEs. We construct a bundle ξ = L ⊗B X with fibers L. Then the
cohomology of ξ bear a VOA structure. This VOAs are main object of investigation in this
paper. We assume notationW for this VOA. On this way we obtain VOAs that generalize
W -algebras of (1, p)models [4, 5, 6]. Generalization of (p, p′) models from [2] also can be
obtained on this way.
In the paper we consider the case where B is the Borel subgroup in a simply laced
Lie group G, the space X is the group G itself and L is a lattice VOA in which B acts
by screening operators. In this case only zero-dimension cohomologies of the sheaf ξ
are nonzero and therefore we can identify global sections of ξ with a vertex operator
algebraW . Irreducible modules ofW can be constructed as cohomology of some bundles
on G/B. We consider the sheaf of sections of the bundle ξ(V) = V ⊗B G, where V is
an irreducible L-module. We obtain irreducible modules of W as global sections of the
bundle ξ(V).
Most of statements in the paper can be proved using results of [7] on W-algebras.
In the case whereG = SL(2) the algebraW is described as a kernel of the screening [4]
and its irreducible modules are described in the similar way. This allows us to calculate
characters from the Felder complex [9]. The definition with screenings can be generalized
to any root system. The algebra W coincides with the intersection of screenings kernels
in the vacuum module of L.
The construction in terms of the bundle ξ allows us to calculate characters of irreducible
modules using the Lefschetz formula. The equivariant Euler characteristics of ξ is
(1.1)
∑
i≥0
(−1)iTrHi(ehqL0) =
∑
x∈S
Trξx⊗Fx(e
hqL0),
1
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where S is the set of fixed points of the standard torus action on the flag manifold G/B,
h is an element of the Cartan subalgebra, L0 is the element of the Virasoro subalgebra
in LX , H i is i-th cohomology of ξ, ξx is the fiber of ξ at the point x and Fx is the ring of
formal series in a neighborhood of x. Actually, all cohomology excepting H0 are equal
to zero and therefore the left hand side of (1.1) is equal to the character of the irreducible
WLX-module. Thus, we obtain expressions for the characters in terms of theta functions
from [10]
(1.2) χλ(q) =
1
η(q)ℓ
∑
ω∈Γ∨+
ζω∏ℓ
i=1 ((αi , ω)!)
Θωλ(q)
where
(1.3) Θωλ(q) = ∂
ωΘλ(q, z)|z=1
is partial derivative of the theta function and
(1.4) ζω =
∑
µ∈Γ∨
(−1)(µ , ρ∨)
ℓ∏
j=1
(
(αj , ω)
(αj , µ)
) ∏
α∈∆+
(
1 +
(α , µ)
(α , ρ)
)
, ω ∈ Γ∨+.
See explanations of the notation in Sec. 6. In the case G = SL(2), (1.2) coincides with
formulas for characters of irreducibleW -modules in [4, 8].
The paper is organized as follows. In section 2, we introduce notations and recall
known facts about vertex operator algebras. In section 3, we introduce screening opera-
tors. In section 4, we introduce the main object of our investigation the vertex operator
algebraWLX and describe its irreducible modules as cohomologies of some bundles on
homogeneous space. In section 5, we introduce a quantum group that presumably cen-
tralizesWLX . In section 6, we calculate characters ofWLX irreducible modules.
2. PRELIMINARIES
Let g be a simply-laced semisimple Lie algebra of rank ℓ, h and b be its Cartan and
Borel subalgebras respectively. LetG,H andB be Lie groups corresponding to g, h and b
respectively. Let Γ be the root lattice,Π be the set of simple positive roots αi, i = 1, 2, . . . , ℓ
and ∆ be the set of roots. Let (· , ·) be standard scalar product in h∗, cij = 2(αi , αj)(αj , αj) be the
Cartan matrix, which in the simply-laced case coincides with the Gramm matrix and cij
be the inverse matrix to cij . Let ρ, (ρ , αi) = 1, i, 1, . . . , ℓ be the half of the sum of positive
roots. Let ωi, i = 1, 2, . . . , ℓ be fundamental weights (ωi , αj) = δij . Let Γ
∨ be the weight
lattice. We set Ω = Γ∨/Γ. We set γ = |Ω| the order of the group Ω.
We choose representatives of the elements from the abelian group Ω in Γ∨ in the follow-
ing way. For algebras Aℓ we choose 0, ωi with i = 1, . . . , ℓ; forDℓ we choose 0, ω1, ωℓ−1 and
ωℓ; for E6 we choose 0, ω1 and ω3; for E7 we choose 0, ω2 and for E8 the group Ω contains
only 0.
We consider the free scalar fields ϕα(z) for α ∈ Γ with the OPE
(2.5) ϕα(z)ϕβ(w) = (α , β) log(z − w).
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We note that between ϕα(z) there are ℓ linearly independent. We also use notation ϕi(z) =
ϕαi(z), i = 1, . . . , ℓ. We assume the mode decomposition
(2.6) ϕα(z) = (ϕ¯α)0 + (ϕα)0 log z −
∑
n 6=0
1
n
(ϕα)nz
−n.
In order to have correct commutation relations between screening operators we introduce
nontrivial bracket of the constant modes of ϕα
(2.7) [(ϕ¯i)0, (ϕ¯j)0] = bij ,
where
(2.8)
bij = −bji =
{
1, i < j and i-th and j-th nodes are connected in the Dynkin diagram,
0, otherwise.
We define a bilinear form {α, β} on h∗ in the basis of simple roots
(2.9) {αi, αj} = cij + bij .
We note that this bilinear form is not symmetric nor antisymmetric. We fix an integer
p ≥ 2 and introduce the set of vertex operators
(2.10) Vλ(z) = e
1√
p
ϕλ(z), λ ∈ Γ∨.
After changing the commutation relations of the constant modes (2.7), we have the fol-
lowing braiding of vertex operators
(2.11) Vλ(z)Vµ(w) ∼ q{λ,µ}Vµ(w)Vλ(z),
where
(2.12) q = e
πi
p .
Remark 2.1. Usually vertex operators are defined by (2.10) with [(ϕ¯i)0, (ϕ¯j)0] = 0, which
gives the braiding in the standard form q(λ , µ). After modification the braiding is changed.
We note that themonodromy of the vertex operators doesn’t change and is equal to q2(λ , µ).
See a similar construction in [11].
We consider the lattice vertex operator algebra LXℓ(p) corresponding to Γ¯ = √pΓ,
where Γ is the root lattice of the semisimple algebra of the type X equals to A, D or E.
In what follows to simplify notation we often write LX . The basis in LX consists of el-
ements P (∂ϕβ)Vpα(z), where α ∈ Γ and P is a differential polynomial. We choose the
energy-momentum tensor of LX in the form
(2.13) T (z) =
1
2
cij∂ϕi(z)∂ϕj(z) +Q0∂
2ϕρ(z),
where
(2.14) Q0 =
√
p− 1√
p
.
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We choose the nonstandard background charge in order to have the energy-momentum
tensor commuting with screening operators, which are introduced in the next section.
The central charge is
(2.15) c = ℓ+ 12(ρ , ρ)(2− p− 1
p
) = ℓ+ h dimg (2− p− 1
p
),
where h is the Coxeter number of g.
The conformal dimension ∆λ of the vertex operator e
ϕλ with λ ∈ Γ¯∨ is given by the
expression
(2.16) ∆λ =
1
2
(λ−Q0ρ , λ−Q0ρ) + c− ℓ
24
.
The LXℓ(p) irreducible modules are enumerated by elements of the abelian group Λ =
Γ¯∨/Γ¯. We choose the basis λj = 1√pωj , j = 1, 2, . . . , ℓ in Γ¯
∨. For each equivalence class
< λ >∈ Λ, a unique representative λ ∈ Γ¯∨ of the form
(2.17) λ =
√
pω +
ℓ∑
j=1
(1− sj)λj ,
where ω ∈ Ω and sj = 1, 2, . . . , p can be chosen (See description of the representatives in
the second paragraph of this section.). We call the form (2.17) of representatives canonical
and use notation
λˆ = ω,(2.18)
λ¯ =
ℓ∑
j=1
(1− sj)λj .(2.19)
We note that Λ can be described as an Abelian group with generators µi and relations∑ℓ
j=1 pcijµ
j = 0. For A2 root system and p = 3 the group Λ generators are shown in the
diagram from Appendix A.
Let Fα, α ∈ Γ∨ be the Fock module corresponding to the vertex Vα(z). We set
(2.20) V<λ> =
⊕
α∈Γ
Fλ+α.
Then, V<λ> for < λ >∈ Λ is an irreducible module of LXℓ(p) [13, 14].
3. SCREENING OPERATORS
We consider the screening operators
(3.21) ei =
1
2πi
∮
dze
√
pϕi(z)
and
(3.22) Fi =
1
2πi
∮
dze
− 1√
p
ϕi(z)
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which commutes with the Virasoro algebra (2.13). We note that because (2.11) operators
ei commute with Fj for i, j = 1, . . . , ℓ.
We note that ei acts in eachVλ. To define the space in which operators Fi act we should
introduce dressed vertex operators [9]. In this paper we need only that Fi is a well defined
operator from V0 toV−λi .
Actually, the subalgebra ofLXℓ(p) consisting of zeromomentum fields commuting with
screenings (3.21) is theW -algebraWXℓ(p) obtained by Hamiltonian reduction from affine
algebra gˆk with
(3.23) p = k + h.
A description of theWXℓ(p) representation category can be found in [7].
4. THE VERTEX OPERATOR ALGEBRA WLXℓ(p)
In the section, we define the main object of the paper the vertex operator algebra
WLXℓ(p), where X means A, D or E type of simply-laced semisimple Lie algebra. Thus
we haveWLAℓ(p) for ℓ = 1, 2, 3, . . . ,WLDℓ(p) for ℓ = 4, 5, 6, . . . andWLEℓ(p) for ℓ = 6, 7, 8.
The vacuum representation of the algebra WLXℓ(p) can be defined as an intersection of
kernels of operators Fi in V0. We give another definition of WLXℓ(p) in terms of opera-
tors ei.
4.1. The action of b in the irreducible LXℓ(p)-modules.
Theorem 4.1. (1) The LXℓ(p) module Vλ for λ ∈ Λ admits the action of b given by the
standard generators
ei =
1
2πi
∮
dze
√
pϕi(z),(4.24)
hi =
1
2iπ
√
p
∮
dz∂ϕi − 1√
p
(αi , λ¯) + (αi , µ)(4.25)
with i = 1, . . . , ℓ, µ ∈ Γ∨ and λ¯ defined in (2.19).
(2) The action of the Borel subalgebra b given in part (1) of the Theorem is integrated to the
action of B inVλ.
Remark 4.2. We note that (4.24) and (4.25) define an action of b on LXℓ(p) by infinitesimal
symmetries. Therefore, we can construct a semidirect product U(b) ⋉ LXℓ(p) of the uni-
versal enveloping U(b) of the Borel subalgebra and the VOA LXℓ(p). Moreover, we can
define on LXℓ(p)-modulesVλ a U(b)⋉LXℓ(p)-module structure. We letVλ(µ) denote the
U(b) ⋉ LXℓ(p)-module defined by (4.24) and (4.25). We introduce 1-dimensional b mod-
ule 1 (µ), µ ∈ h∗ on which ei acts by zero and hi by multiplication with (αi , µ). We note
Vλ(µ) = Vλ(0)⊗ 1 (µ). We also use notation Vλ for Vλ(0).
Proof of the Theorem 4.1. (1) The relations [hi , ej ] = cijej are checked by simple calcu-
lation using (2.5).
To check the Serre relations
(4.26) ad1−cijei ej = 0, i, j = 1, . . . , ℓ, i 6= j
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we consider ad1−cijei e
√
pϕi(z). We note that ad1−cijei e
√
pϕi(z) = P (∂ϕk)e
√
p((1−cij)ϕi(z)+ϕj(z)),
where P is a differential polynomial in ∂ϕk, k = 1, . . . , ℓ. This statement is true only
when we chose the braiding (2.11). The polynomial P should have a nonnegative
conformal weight ∆P . The field ad
1−cij
ei
e
√
pϕi(z) has conformal weight 1 because ei
are screening operators and e
√
pϕi(z) is a screening current. A direct calculation
with (2.13) gives the conformal weight of e
√
p((1−cij )ϕi(z)+ϕj(z)) being equal to 2− cij ,
which means that the balance of weights 1 = 2− cij +∆P can not be satisfied with
a nonnegative weight ∆P . Thus, ad
1−cij
ei
e
√
pϕi(z) = 0.
(2) The statement follows from the observation that LXℓ(p) decomposes into a direct
sum of integrable finite dimensional representations of b.

4.2. Bundles on the homogeneous spaceG/B. We consider the bundle
(4.27) ξλ(µ) = G×B Vλ(µ), λ ∈ Λ, µ ∈ Γ∨
on the homogeneous space F = G/B, where the action of B on G is given by the right
multiplication and on Vλ by Theorem 4.1 with the corresponding µ. We set ξλ = ξλ(0).
We let O(µ) denote the standard 1-dimensional bundle on F
(4.28) O(µ) = G×B 1 (µ)
with 1 (µ) defined in Remark 4.2.
Proposition 4.3.
(4.29) ξλ(µ) = ξλ ⊗O(µ)
Proof. An immediate consequence of (4.25). 
Theorem 4.4. (1) Hn(ξλ) = 0, for n > 0
(2) H0(ξλ) is embedded into the fiberVλ of the bundle ξλ over any point.
The proof of the Theorem is based on a calculation of the cohomologies in the A1 case.
To do that we should recall notations from [16]. In [16], indecomposable modules of the
quantum group Uqsℓ(2) were described. We need the following of them
• for a = ± and s = 1, . . . , p, Xas are s dimensional irreducible modules;
• for a = ±, s = 1, . . . , p− 1 and integer n ≥ 2, the moduleMas(n) is an indecompos-
able module with socle ⊕n1Xas and the quotient ⊕n−11 X−ap−s;
• for a = ±, s = 1, . . . , p− 1 and integer n ≥ 2, the moduleWas(n) is an indecompos-
able module with socle ⊕n−11 X−ap−s and the quotient ⊕n1Xas .
Taking an equivalence of Ueiπ/psℓ(2) andWLA1(p) representation categories [12] into ac-
count we assume the same notations for the corresponding WLA1(p) modules. In what
follows we need also condensed notation. For λ = 1−a
2
√
pω1 + (1− s)λ1, we set
Mλ(µ) = X
a
s , for µ = 0,(4.30)
Mλ(µ) = M
−a
p−s(µ+ 1), for µ > 0,(4.31)
Mλ(µ) = X
a
s , for µ = −1,(4.32)
LOGARITHMIC CFTS AND ROOT SYSTEMS 7
Mλ(µ) = W
a
s(−µ), for µ < −1(4.33)
We also set Xλ = X
a
s .
Lemma 4.5. In A1 case we have
for µ ≥ 0
H0(ξλ(µ)) = Mλ(µ),(4.34)
H1(ξλ(µ)) = 0,(4.35)
for µ ≤ −1
H0(ξλ(µ)) = 0,(4.36)
H1(ξλ(µ)) = Mλ(µ),(4.37)
Proof. The irreducible LA1(p)-moduleVλ(0) is a reducible module ofWLA1(p) [15] and its
structure can be described by the following exact sequence
(4.38) 0→ Xλ → Vλ(0)→ Xα1/√p−λ → 0.
The spaces Xλ and Xα1/
√
p−λ are irreducibleWLA1(p)-modules and at the same time they
bear the action of b induced by the action of b onVλ(0). The action of b on Xλ is extended
to an action of sℓ(2) [3]. This means that the bundle ξλ(0) contains the trivial subbundle
ξ¯λ(0) = CP
1×Xλ. We note that the action of b on the quotient Xα1/√p−λ is not extended to
an sℓ(2) action but the action of b on Xα1/√p−λ ⊗ 1 (1) is extended to the sℓ(2) action. For
the quotient bundle we have
(4.39) ξλ(0)/ξ¯λ(0) =
(
CP 1 × Xα1/√p−λ
)⊗O(−1).
(The RHS means tensor product of the trivial bundle CP 1 × Xα1/√p−λ with O(−1).) This
bundle has zero cohomology because H i(O(−1)) = 0. This shows the Lemma for µ = 0
and µ = −1. Other statements of the Lemma are obtained by multiplying with O(µ). Ob-
viously, we haveH0(ξλ(µ)) = H
0(ξλ(0))⊗Cµ for µ > 0 andH1(ξλ(µ)) = H1(ξλ(−1))⊗C−µ
for µ < 0. Indecomposability of modules appearing in the RHS of (4.34) and (4.37) follows
from the observation that the cohomology has nontrivial mappings on the corresponding
Verma modules. 
Proof of the Theorem 4.4. The proof of the Theorem resembles a proof of Bott-Borel-Weyl
theorem and we give only a brief description of it. Let σα be the Weyl group element
corresponding to the simple root α. Let σα1σα2 . . . σαn be the reduced decomposition of
the longest element in the Weyl group into the product of simple reflections. We note
that n is the dimension of the flag manifold F. We define the shifted action of the Weyl
group σα · ω = σα(ω +√pρ)−√pρ. Let Pα be the parabolic subalgebra corresponding to
the simple root α and Fα = G/Pα. We note that F is fibered over Fα with fibers CP
1. We
let π denote the projection F→ Fα and ξαλ = π∗ξλ the direct image of ξλ.
We consider two bundles ξλ and ξσα·λ. Their direct images ξ
α
λ and ξ
α
σα·λ are the same
bundle on Fα. In more details, taking Lemma 4.5 into account, for λ ∈ Λ, we obtain
H0(ξλ|CP 1) = H1(ξσα·λ|CP 1) 6= 0 and H1(ξλ|CP 1) = H0(ξσα·λ|CP 1) = 0. This gives H i(ξλ) =
H i+1(ξσα·λ) by the standard Leray spectral sequence. We repeat this procedure for the
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longest element in the Weyl group and obtain H i(ξλ) = H
i+k(ξσα1 ·σα2 ·····σαk ·λ). But this
requires H i(ξλ) = 0 for i > 0. 
Taking Theorem 4.4 into account, we assume the following definition.
Definition 4.6. The vacuummodule X0 of the vertex-operator algebraWLXℓ(p) isH0(ξ0).
Other irreducibleWLXℓ(p)-modules can be obtained as follows
(4.40) Xλ = H
0(ξλ), λ ∈ Λ.
4.3. Generators of the vertex operator algebraWLXℓ(p). The system of generatorsWLXℓ(p)
consists of two subsets. The first subset of generators are generators of the W-algebra
WXℓ(p) (see Sec. 3), which is a subalgebra inWLXℓ(p). The algebra g acts trivially onWXℓ(p).
The second subset of generators span the adjoint representation of g.
We describe the second subset of WLXℓ(p) generators in details. For the generators,
we introduce notation W α with α ∈ ∆ and W 0,α with α ∈ Π. Let tα for α ∈ ∆ be the
basis vector from weight subspace with the weight α and t0,α with α ∈ Π be the basis in
the zero weight subspace of the adjoint representation of g. Let θ ∈ ∆ be the lowest root
of g, i.e. θ − α 6∈ ∆ for any α ∈ ∆+. Then tθ be the lowest weight vector in the adjoint
representation of g. Any root α ∈∆ can be written in the form
(4.41) α = θ +
ℓ∑
i=1
niαi, ni ∈ N0.
Then,
(4.42) tα = adej1adej2 . . . adejm t
θ
where ei appears presicely ni times and
(4.43) t0,α = adej1adej2 . . . adejm t
θ
where ei appears presicely ai times with ai be labels in the Dynkin diagram. Then, we set
(4.44) W α(z) = adej1adej2 . . . adejme
√
pϕθ(z)
with presicely the same product of adjoint operators as in (4.42) and
(4.45) W 0,α(z) = adej1adej2 . . . adejme
√
pϕθ(z)
with presicely the same product of adjoint operators as in (4.43).
The fieldsW α(z) andW 0,α(z) have the same conformal dimensions equal to
(4.46)
p
2
cij(αi , θ)(αj , θ) + (1− p)(ρ , θ) = h(p− 1) + 1.
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5. QUANTUM GROUP
In this section we describe the quantum group U¯q(Xℓ). We conjecture that its represen-
tation category is equivalent to the representation category of the vertex operator algebra
WLXℓ(p).
Suppose we have an algebra graded by h∗. We introduce q-bracket or q-adjoint action.
Let x and y are two homogeneous elements from the algebra, then
(5.47) qadxy = xy − q{#x,#y}yx,
where q is given by (2.12), the scalar product {·, ·} is defined in (2.9) and #x ∈ h∗ is the
weight of x. The most important example is the case, where x and y belong to the algebra
generated by vertex operators and grading operators are commutators with zero modes
(5.48) hi =
√
p(ϕωi)0, i = 1, . . . , ℓ,
where ωi are fundamental weights.
The quantum group U¯q(Xℓ) is an associative algebra with generators Ei, Fi,Ki,K
−1
i for
i = 1, . . . , ℓ and 1. This algebra is graded by the root lattice Γ and weights of generators
are
(5.49) #Ei = αi, #Fi = −αi, #Ki = 0.
To describe the relations, we introduce elements
(5.50) Li =
ℓ∏
j=1
K
cij
j .
The relations are
Epi = F
p
i = 0, KiKj = KjKi, L
p
i = 1,(5.51)
KiEjK
−1
i = q
2δijEj, KiFjK
−1
i = q
−2δijFj ,(5.52)
qadEiFj = δij
Li − 1
q− q−1 ,(5.53)
qad
1−cij
Ei
Ej = 0, qad
1−cij
Fi
Fj = 0, i 6= j.(5.54)
This algebra is the centralizer of WLXℓ(p) and we conjecture that the two algebras have
equivalent representation categories. We also note that for ℓ = 1 This algebra is isomor-
phic to the quantum group from [15].
The algebra U¯q(Xℓ) is a braided Hopf algebra. To describe the braided Hopf algebra
structure, we introduce the braided tensor product ⊗¯. The algebra U¯q(Xℓ)⊗¯U¯q(Xℓ) differs
from U¯q(Xℓ)⊗U¯q(Xℓ) only by commutation relations between twomultipliers. In standard
tensor product elements of the form x ⊗ 1 and 1 ⊗ y commute while elements x⊗¯1 and
1⊗¯y q-commute
(5.55) qadx⊗¯11⊗¯y = 0,
where #(x⊗¯y) = #x + #y. The comultiplication ∆¯ : U¯q(Xℓ) → U¯q(Xℓ)⊗¯U¯q(Xℓ) is given
by
(5.56) ∆¯(Ki) = Ki⊗¯Ki
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and
(5.57) ∆¯(x) = x⊗¯1 + 1⊗¯x
for x = Ei or Fi.
At the end of the section, we note that the appearance of the braidedHopf algebra struc-
ture insted of Hopf algebra structure probably solves a contradiction observed in [17].
In [17] it was observed that the tensor product of Uqsℓ(2)modules is not necessarily com-
mutative although representation category of Uqsℓ(2) is equivalent [12] to the representa-
tion category of (1, p)model vertex operator algebra which is braided tensor category by
construction.
6. CHARACTERS
In what follows we use notation
(6.58) zα =
ℓ∏
j=1
z
(αj , α)
j , α ∈ h∗.
We also use notation
(6.59) z[α] = (z
(α1 , α)
1 , z
(α2 , α)
2 , . . . , z
(αℓ , α)
ℓ ),
where in the RHS we have a list of monomials. In particular, z[ρ] = (z1, z2, . . . , zℓ). For ex-
ample, for a function f , f(z[α])means f(z
(α1 , α)
1 , z
(α2 , α)
2 , . . . , z
(αℓ , α)
ℓ ). We also use notation
(6.60) ∂α =
ℓ∏
j=1
(
∂
∂zj
)(αj , α)
for the derivatives with respect to zi.
We define the shifted action of the Weyl groupW on z by the formulas
(6.61) w(zα) = zw
−1·α, w(f(z[α])) = f(z[w−1 · α]),
where w · α = w(α− ρ) + ρ and f is a function in z.
We introduce the denominator
(6.62) d(z[ρ]) =
∏
α∈∆−
(1− zα)
It satisfies
(6.63) w(d(z[ρ])) = ǫ(w)d(z[ρ]),
where ǫ(w) = (−1)#w, where#w is the parity of w. The Weyl formula for the character of
the irreducible g-module with the highest weight λ is
(6.64) χgλ(z
ρ) =
1
d(zρ)
∑
w∈W
ǫ(w)w[zλ].
Let V be a linear space equipped with an action of L0 and h1, . . . , hℓ ∈ h. Then the
character of V is
(6.65) χV (q, z
ρ) = TrV q
L0− c24 zh11 z
h2
2 . . . z
hℓ
ℓ .
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In what follows we take V be different VOA modules.
To write the characters we introduce the theta functions
(6.66) Θλ(q, z[ρ]) =
∑
α∈Γ
q
1
2
(
√
pα+λ−Q0ρ ,√pα+λ−Q0ρ)zα+λˆ, λ ∈ Λ.
We note that these theta functions differs from [10] by the factor zλ¯. (See definitions of λ¯
and λˆ in (2.18) and (2.19).)
The character of the irreducible LXℓ(p)-module Vλ is
(6.67) ψλ(q, z[ρ]) =
Θλ(q, z[ρ])
η(q)ℓ
, λ ∈ Λ.
To calculate the character χλ(q, z[ρ]) of the irreducible WLXℓ(p)-module Xλ we use
(4.40) and Lefschetz formula. We defined Xλ in (4.40) so the character of Xλ is
(6.68) χλ(q, z[ρ]) = TrH0(ξλ) q
L0− c24 zh11 z
h2
2 . . . z
hℓ
ℓ =
∑
w∈W
TrMw q
L0− c24 zh11 z
h2
2 . . . z
hℓ
ℓ
This expression is a sum over fixed points of the standard action of the torus H on the
flag manifold F. The fixed points are in one to one correspondence with the elements of
the Weyl group W . Contribution of each fixed point xw is determined in the following
way. We consider the space of sections of the bundle ξλ in the formal neighborhood of xw.
Contribution of the point is TrMw q
L0− c24 zh11 z
h2
2 . . . z
hℓ
ℓ . The space Mw as a module of L0
and h1, . . . , hℓ is the tensor productVλ⊗Fxw , where Fxw is the ring of formal series in xw.
Thus,
(6.69) TrMw q
L0− c24 zh11 z
h2
2 . . . z
hℓ
ℓ =
ψλ(q, z[w(ρ)])
d(z[w(ρ)])
.
Summarizing, we have
(6.70) χλ(q, z[ρ]) =
∑
w∈W
ψλ(q, z[w(ρ)])
d(z[w(ρ)])
=
1
d(z[ρ])
∑
w∈W
ǫ(w)ψλ(q, z[w(ρ)]).
We rewrite this expression for characters in different form.
Theorem 6.1. The character χλ(q, z
ρ) of the irreducibleWLXℓ(p)-module Xλ can be written in
the form
(6.71) χλ(q, z
ρ) =
∑
α∈Γ+
χg
λˆ+α
(z[ρ])χWλ,α(q),
where Γ+ is the intersection of the root lattice with the positive Weyl chamber, χg
λˆ+α
(zρ) is the
character of the irreducible g-module with the highest weight λˆ + α (λˆ is defined in (2.18)) and
χWλ,α(q) is the character of the irreducibleWXℓ(p)-module given by [7]
(6.72) χWλ,α(q) =
1
η(q)ℓ
∑
w∈W
q
1
2
(
√
pw(α)+λ+ 1√
p
ρ ,
√
pw(α)+λ+ 1√
p
ρ)
.
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We note that (6.72) areWXℓ(p)-characters of general type, i.e. irreducible modules with
such characters exist for any value of the central charge.
The Theorem 6.1 allows us to prove that WLXℓ(p)-module Xλ is irreducible. Taking
(6.71) into account, we have
(6.73) Xλ =
⊕
α∈Γ+
Rλˆ+α ⊗Yλ,α,
where Rλˆ+α is irreducible g module and Yλ,α is irreducible WXℓ(p) module. Then the
absence of invariant subspaces of WLXℓ(p) action can be obtained from a consideration
of the action of generators from Sec. 4.3.
We also give formulas for the characters of irreducible WLXℓ(p) modules adapted for
calculating their modular properties and calculating values of characters at z = 1. For
this, we introduce derivatives of theta functions
(6.74) Θωλ(q) = ∂
ωΘλ(q, z)|z=1 , ω ∈ Γ∨+.
Then the characters can be written in the following nice form
(6.75) χλ(q) =
1
η(q)ℓ
∑
ω∈Γ∨+
ζω∏ℓ
i=1 ((αi , ω)!)
Θωλ(q),
where
(6.76) ζω =
∑
µ∈Γ∨
(−1)(µ , ρ∨)
ℓ∏
j=1
(
(αj , ω)
(αj , µ)
) ∏
α∈∆+
(
1 +
(α , µ)
(α , ρ)
)
, ω ∈ Γ∨+
and
(
n
m
)
are binomial coefficients.
7. CONCLUSIONS
A natural development of the results is a calculation of the SL(2,Z) action on the char-
acters (6.75). We belive that the SL(2,Z) action will produce finite number of characters
and pseudocharacters, whose linear span will give a finite dimensional center Z¯ of the
conformal model. It is also interesting to calculate the center Z of the quantum group
U¯q(Xℓ) and the action of SL(2,Z) on it. We belive that Z¯ is isomorphic to Z as a represen-
tation of SL(2,Z).
It is also interestingly to generalize the results of the paper to non simply laced case
and to the case of Lie superalgebras. Another interesting direction of investigations is a
generalization of our results to the case of the root lattice scaled not to
√
p but to
√
p
p′ . In
the case of A1, the algebra constructed in [2] can be realized in the zero cohomology of a
bundle on CP 1. Analogous construction can be done in the case of arbitrary Lie algebra.
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APPENDIX A. GROUP Λ
In the following picture long segments of strait lines are roots of A2, short segments of
strait lines belong to the weight lattice of A2, •s correspond to elements of the group Λ.
Circled •s correspond to Steinberg modules (irreducibleWLXℓ(p) modules that coincide
with irreducible LXℓ(p)modules).
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